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1 standard tableau &hook length
standard tableau hook length
.
, $\mathrm{P}$ , $\mathrm{Z},$ $0$
$\mathrm{N}$ .
Definition 1.1 (partition)
$n\in \mathrm{P}$ $\lambda=(\lambda_{1}, \lambda_{2,)}\ldots\lambda_{\Gamma})\in \mathrm{P}^{r}$ , $\lambda$
$n$ partition . , $\lambda$ $n$ partition $\lambda\vdash n$ .
(i) $\lambda_{1}\geq\lambda_{2}\geq\ldots\geq\lambda_{r}>0$
(ii) $\Sigma_{i=1}^{r}\lambda_{i}=n$
Definition 1.2 (Young diagram)
$n\in \mathrm{P},$ $\lambda--(\lambda_{1}, \lambda_{2,)}\ldots\lambda)\gamma\vdash n$ , $i$ $\lambda_{i}$
$n$ shape $\lambda$ Young diagram ,
Remark 1.3
$\lambda\vdash nk$ shape $\lambda\sigma\supset$ Young diagram $k\{(i, j)\in \mathrm{P}^{2}|1\leq i\leq r, 1\leq j\leq\lambda_{i}\}$
3 – .
Notation 1.4
$\lambda\vdash n$ $\lambda’$ $\lambda$ conjugate 1
Example 1.5
$\lambda=(3,2)$ conjugate I $\lambda’=(2,2,1)$
Definition 1.6 (tableau)
$n\in \mathrm{P}$ , $\lambda\vdash n$ shape $\lambda$ Young diagram
– tableau . Tab $(\lambda)$
. , $T\in \mathrm{T}\mathrm{a}\mathrm{b}(\lambda),$ $(i, j)\in\lambda$ $T_{(i,j)}$ $i$ $j$
.
1 i.e. $\lambda’=(\lambda_{1}’, \lambda_{2k}’\ldots\lambda’),$ $\lambda_{i}^{l}:=$ it $\{j;i\leq\lambda_{j}\}$
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Definition 1.7 (standard tableau)
$n\in \mathrm{P},$ $\lambda\vdash n$ $T\in \mathrm{T}\mathrm{a}\mathrm{b}(\lambda)$ , shape $\lambda$
standard tableau ; STab $(\lambda)$ .
$( \mathrm{i} )T_{(i,j)}<T_{(i,j+}1)$ if $(i, j),$ $(i, j+1)\in\lambda$
(ii) $T_{(i,\mathrm{j})}<T_{(j)}i+1$, if $(i, j),$ $(i+1, j)\in\lambda$
(iii) $\{T_{(i,j)}|(i, j)\in\lambda\}=\{1,2, \ldots, n\}$
Fact 1.9
$n\in \mathrm{P}l\lambda\vdash n,$ $\lambda’$ $\lambda$ conjugate , $(i, j)\in\lambda$
$h(i, j):=\lambda_{i}+\lambda’-ji-j+1$
2. ,
$\#^{\mathrm{s}\mathrm{T}\mathrm{a}\mathrm{b}}(\lambda, n)=\frac{n!}{\Pi_{(i,j)\in}\lambda h(i,j)}$ (1)
$h(i, j)$ $(i, j)$ hook length .
Example 1.10
$n=5,$ $m=3,$ $\lambda=(3,2)$ Young tableau $(i, j)$ hook length
,Factl 9 (1)
$\#^{\mathrm{s}\mathrm{T}\mathrm{a}\mathrm{b}}(\lambda)=\frac{5!}{4\cdot 3\cdot 2\cdot 1\cdot 1}=5$
Exl 8 – .
2i.e. ( $i$ , .
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2 standard tableau poset
standard tableau poset standard tableau
poset linear extension – , linear extension
hook length .
Definition 2.1 (cover)
$P$ poset 3. $x,$ $y\in P$ ; $x<y$ z $\in P\mathrm{s}.\mathrm{t}$ . $x<z<y$
, $y$ ( $x$ cover \rangle $x<\cdot y$ . . $\cdot$.
Definition 2.2 (Hasse diagram)
$P$ finite poset . $F^{\backslash }$ $G=(V, E)$ $P$ Hasse diagram









$\lambda=(\lambda_{1)}\lambda 2, \ldots, \lambda)r\vdash n$
$P(\lambda):=\{(i, j)|1\leq i\leq r, 1\leq j\leq\lambda_{i}\}$
4 , $\leq$ .
$(i, j)\leq(i^{J}, j’)\Leftrightarrow^{\mathrm{d}\mathrm{e}\mathrm{f}}i\geq i’,$ $j\geq j’$
3partially ordered set
4Remarkl 3 $\{(i, j);1\leq i\leq r, 1\leq j\leq\lambda_{i}\}$ .
84
ExamDle 2.5
Definition 2.6 (linear extension)
$P$ poset, $|P|=n$ .
$L(P):=\{\sigma$ : $Parrow$ { $1,2,$ $\ldots,$ $n^{\}}|x.\leq y\Rightarrow\sigma(x)\leq\sigma(y),.\sigma$ : }
, $L(P)$ $P$ linear extension .
Notation 2.7
$P=$








$\lambda\vdash n$ STab$(\lambda)$ $L(P(\lambda))$ 1 1 5 . ,
Fact 19 .
$\# L(P(\lambda))=\frac{n!}{\Pi_{(i,j)\in P(}\lambda)h(i,j)}$
5linear extension 1 1 .
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3semi-standard tableau&hook length
semi-standard tableau , weight hook
length .
Definition 3.1 (semi-standard tableau)
$n,$ $m\in \mathrm{P},$
$\lambda\vdash n$ . $T\in \mathrm{T}\mathrm{a}\mathrm{b}(\lambda)$ shape $\lambda$
semi-standard tableau .
(i) $T_{(i,\mathrm{j})}\leq T_{(i,j+}1)$ if $(i,j),$ $(i, j+1)\in\lambda$
(ii) $T_{(i,j)}<T_{(i+1,j)}$ if $(i, j),$ $(i+1, j)\in\lambda$







$n,$ $m\in \mathrm{P},$ $T\in \mathrm{S}\mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda, m)$
$|T|:= \sum_{\lambda(i,j)\in}\tau_{(i,j)}$
, .
$F( \lambda, m;q):=\sum_{mT\in \mathrm{s}\mathrm{s}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda,)}q^{1}\tau|$
Example 3.4




semi-standard tableau hook length ,
.
Fact 3.5
$n,$ $m\in \mathrm{P},$ $\lambda=(\lambda_{1}, \lambda_{2}, \ldots, \lambda)\gamma\vdash n$
$F( \lambda, m;q)=q=1\prod_{\lambda}\Sigma_{i}ri\lambda i\frac{[m+j-i]}{[h(i,j)]}(i_{\dot{t}})\in$ (2)
Problem 3.6





Definition 4.1 (hook length formula poset)
$P$ poset, $|P|=n$ . $P$ hook length for-
mula poset , .
$\exists h_{P}$ : $Parrow \mathrm{P}\mathrm{s}.\mathrm{t}$ . $\# L(P)=\frac{n!}{\Pi_{x\in P}h_{P}(x)}$
6hook length Ex 110
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Fact 4.2
d-complete poset ? hook length formula poset 7
Definition 4.3
$P$ poset , $P$
$\mathrm{C}\mathrm{o}\mathrm{v}(P)$ $:=\{(_{X}, y)\in P^{2}|\cdot x.<.y\}$
${\rm Min}(P)$ $:=$ { $x\in P|x$ : $P$ }
$\mathrm{E}\mathrm{L}(P)$ $:=\{R:\mathrm{C}\mathrm{o}\mathrm{v}(P)arrow \mathrm{N}\}$
, $\mathrm{E}\mathrm{L}(P)$ $P$ edge labehing .
Example 4.4 . . . ..
$P=$
$\iota \mathrm{C}_{0}\mathrm{V}P\sim\ovalbox{\tt\small REJECT}\backslash )$
$=\{(\dot{d}, b), (d, .c), (e, c), (b, a), (c, a)\}$
${\rm Min}(P)$ $=\{d, e\}$






$0,$ $R(c, a)=1$ 2 $R\in \mathrm{E}\mathrm{L}(P)$ .
, $R\in \mathrm{E}\mathrm{L}(P)$ .
$R=$
Definition 4.5 $((P, R)$-partition)
$P$ poset , $R\in \mathrm{E}\mathrm{L}(P)$ .
, $\varphi$ : $Parrow \mathrm{N}$ $(P, R)$ -partition
.
$\varphi(x)-\varphi(y)\geq R(x, y)$ for $\forall(x, y)\in \mathrm{C}\mathrm{o}\mathrm{v}(P)$
, $n\in \mathrm{P}$
$A(P, R, n):=$ { $\varphi$ : $(P,$ $R)-\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}|\varphi(x)\leq n$ for $\forall x\in P$ }
.




$A$ ( $P,$ R-, $3$ ) $=$ $\{$
$\}$
.
Definition 4.7 (hook edge labeling)
$P$ hook length formula poset, $R\in \mathrm{E}\mathrm{L}(P)$ ,
$\exists c\in \mathrm{N},$ $\exists c_{R}$ : $P arrow \mathrm{Z}\mathrm{s}.\mathrm{t}.\sum_{\varphi\in A(P,R,n)}q=|\varphi|cq\prod_{x\in P}\frac{[n+C_{R}(X)]}{[h_{P}(x)]}$
.
$.\mathrm{f}_{0}\mathrm{r}n\in \mathrm{N}$
, $R$ hook edge labeling , $\mathrm{H}\mathrm{E}\mathrm{L}(P)$ .
, $-|\varphi|:=\Sigma_{x\in P}\varphi(x)$ ,
Example 4.8
$[n+j-i+1]$
$\varphi\in A(P((3,2))\sum_{R1,n)},q|\varphi|=q^{2}\prod_{3(i,j)\in P((2))},[h_{P(()}3,2)(i, j)]$ for $n\in \mathrm{N}$ ,
$\varphi\in A(P((3,2)))R2,)\sum_{n}q|\varphi|=q^{5}(i,j)\in P\square \frac{[n+j-i]}{[h_{P(()}3,2)(i,j)]}((3,2))$ for $n\in \mathrm{N}$
$R_{1},$ $R_{2}\in \mathrm{H}\mathrm{E}\mathrm{L}(P)$ 8.
8
$R_{1}$ , semi-standard tableau





hook length formula poset hook edge labeling
?
hook length formula poset $\mathrm{d}$-complete poset
tree .
Young tableau hook edge labeling I $0$ 1
. tree .





hook lengthw $\mathrm{g}$ .
,- tree $\mathrm{H}\mathrm{E}\mathrm{L}(P)$
.




$P$ finite poset .
$P$ (i), (ii), (\"ui) $P$ tree .
(i) $P$ .
(ii) $P$ Hasse diagram .
(iii) $P$ Hasse diagram edge
.
Example 5.2
(i), (ii) tree .
(i) (ii)
Notation 5.3
$P$ tree , $R\in \mathrm{E}\mathrm{L}(P),$ $\forall x\in P$ $1$
$\langle x\rangle$ $:=\{y\in P|y\leq x\}$ : subposet of $P$
$R_{x}$ $:=R|_{\mathrm{c}_{\mathrm{o}\mathrm{V}}}(\langle x\rangle)$ : edge labeling of $\langle x\rangle$
Example 5.4
$\langle b\rangle=\{b, d, e\}$ $R_{b}=$
Fact 5.5
$P$ tree , $|P|=n$ .
$h:Parrow \mathrm{P};h(x):=\#\langle x\rangle$
$\# L(P)=\frac{n!}{\prod_{x\in P}h(x)}$ (3)
,
, tree I hook length formula poset .
10




, , $\pi$ 6hook length
(3) :
$\# L.(P)-,=..\frac{5!}{5\cdot 3\cdot 1\cdot 1\cdot 1},=8$




. ,R\in EL(P) $z_{R}$ : $Parrow \mathrm{Z}$ .
$z_{R}(x)=\{$
1if$x\in{\rm Min}(P)$
$\max\{z_{R}(y)-R(y, x)+1|y\in C(x)\}$ if $x\not\in{\rm Min}(P)$
Example 5.8
92
$z_{R}(g)=1,$ $b$ , $z_{R}(d)-R(d, b)+1=-1,$ $z_{R}(e)-R(e, b)+1=-2$ ,
$z_{R}(f)-R(f, b)+1=-3$ , $z_{R}(b)=-1$ .
$-$
, $c$ , $z_{R}(c)=z_{R}(g)-R(g, c)+1=-4$ , , $a$





$T$ tree , $R\in \mathrm{E}\mathrm{L}(T)$ $(*)$ . .
$|\forall x\in T-{\rm Min}(T)$
$(*)\{$
$\exists y_{1},$ $y_{2,\ldots,y_{\gamma}}\in T\mathrm{s}.\mathrm{t}$ . $\{y_{1},$ $y_{2},$ $\ldots,$ $y_{r}\mathrm{I}=C(x)$ ,
$R(y_{k}, x)=R(y_{1}, x)+z_{R}(y_{k})-Z_{R}(y_{1})+\Sigma_{i=1}^{k-1}\#\langle yi\rangle$ for $k\in\{1, \ldots, r\}$
$x_{0}$ $T$ , $n\in \mathrm{P}$ .
$\varphi\in A(n)\sum_{T,R},q^{|\varphi|}=q\frac{[n+z_{R}(x_{0})][n+Z_{R}(x_{0})-1]\ldots[n+zR-(x0)-\#\langle_{X_{0}}\rangle+1]}{\Pi_{x\in T}[h(_{X})]}c_{R}.$
.
, $R\in \mathrm{E}\mathrm{L}(P)$ $(*)$ $R\in \mathrm{H}\mathrm{E}\mathrm{L}(P)$ .
, $c_{R}= \min\{|\varphi||\varphi\in A(T, R, n)\}$ .
Example 5.10










$T$ tree, $R\in \mathrm{E}\mathrm{L}(T)$ { $(*)$ . ,




$T$ tree , $R\in \mathrm{E}\mathrm{L}(T)$ 12
$R_{x}\in \mathrm{H}\mathrm{E}\mathrm{L}(\langle_{X\rangle})$ for $\forall x\in T-{\rm Min}(T)\Rightarrow R$ ( $(*)$ .
, .
Conjecture 5.14
$T$ tree . .
$R\in \mathrm{H}\mathrm{E}\mathrm{L}(P)\Rightarrow R$ ( $(*)$ .
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